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Abstract. Non-linear propagation of ultra-short Jateral circularly polarized strain pulses in a
paramagnetic crystal of cubic symmeiry localized in an external magnetic field at super-low
temperature has been studied. The direction of the magnetic field is parallel to the direction of
pulse propagation and the fourth-order symmetry axis. Under certain physical conditions pulse
propagation is described by the ‘derivative non-linear Schridinger equation’, which belongs to
the equations integrated by the inverted scattering transform methed. The phenomenon of full
reflection of acoustic pulses on the paramagnetic crystal surface is predicted. The possibility of
continuous parametric increase of frequency of a high-power acoustic signal during its passage
throngh the paramagnetic crystal has been shown. This frequency increase can be controlled
through changes in the power of the incoming signal. In this direction in principle one can
obtatn 10-fold frequency increase of an initial pulse. As an example the crystal MgO with
impurities of paramagnetic ions Cot is considered.

1. Introduction

Generation of picosecond acoustic pulses under laboratory conditions {(Akhmanov and Gusev
1992) gave rise to a number of theoretical papers dedicated to the interaction of such pulses
with paramagnetic crystals (Sazonov and Yakupova 1992, Sazonov 1992, 1993a). High-
power picosecond lateral linearly polarized strain pulses have been investigated by Sazonov
(1992, 1993a). However, spin—lattice interaction may lead to the rotation of strain-wave
polarization plane (Tucker and Rampton 1972, Denisenko 1971).

Picosecond acoustic pulses are video pulses, i.e. contain nearly a single period of
oscillations. So, herein the slowly varying envelope approximation cannot be applied for a
wave equation. The purpose of the preseat paper is to investigate the propagation of lateral
circularly polarized acoustic pulses of picosecond time duration during the interaction of
the spin system S = % of paramagnetic atoms with crystal strains. As a physical realization
of this model, the crystal MgO containing Kramers’ doublet impurities of the paramagnetic
ions Co** may be proposed (Tucker 1966).

Let a lateral strain pulse propagate parallel to the magnetic field Hy, directed along the
fourth-order symmetry axis of a cubic symmetry crystal. The magnetic field causes Zeeman
splitting of the Kramers doublet into two sublevels. This direction may be taken for the z
axis. The general Hamiltonian of the system investigated can be written in the form:

H = f (Ha-+ Hy + Hin) &r 1)
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where Hys is the Hamiltonian density of an acoustic field (spin system) and Hy is the
Hamiltonian density of the interaction of spins with an acoustic field. In our case

pt 5 |3u 2 ;o |3u 4 L lpa? 32y |2
Ha=%+%pa 8—2‘ +zpala—z 300°8s |35 (2)
H; = haypS; (3
g Pu
Hig = hagF (a + ﬁs ) 4

Here ©w = (u;,uy), P = (Py, Py) are displacement and strain field pulse vectors
respectively, a is the velocity of lateral sound, A is the fourth-order dimensionless
anharmonicity parameter (cubic anharmonicity is absent in the case of lateral strain pulses
{Kosevich and Kovalev 1989)}, B, is the parameter of spatial dispersion of acoustic field (For
a one-dimensional lattice 8, = #2/12, where % is the distance between the nearest atoms of a
crystal (Sazonov 1992)), p is the average density of the medium, ey is the Zeeman splitting
frequency of the Kramers doublet, # is the Planck constant, F is the lateral component
of spin~acoustic interaction tensor, and Sy, Sy, §; are the spin-density operators satisfying
commutation relationships of the following type:

[Se(r), S;(r")] = iegjmSm (MY (r — ). (5)

Here &, j, m = x, .2, &jm is the absclute antisymmetrical tensor, Bs is the parameter
of spatial dispersion caused by non-local spin action on a strain field and back (for a one-
dimensional lattice we have 8; = h%/6 (Sazonov 1992)).

Expression (4) for Hi, is a generalization of the expression considered in Denisenko
{1971) on the case of short pulses when the effect of discrete crystal structure is essential
(Bs # 0).

Since the spatial length scale of a strain pulse [ fulfils the inequality { > 4, then
|B:831/82%| < |Bue/dz].

To obtain equations describing the strain field we will use the Hamiltonian formalism:

du _SH aP _ 3H ©
gt &P a Su’

After quantum averaging on spin states we find that

3% ,0%
e T ap P

26

3ls 98
P —3xa —(|slze) F%}‘zwg( +,85 ) (7}

32

where £ = &y + i8y,, &xy = 01, /82, &y; = Buy/8z are the tensor components of crystal
strain, 8 = {S) + i{S,}, n is the concentration of paramagnetic atoms in a crystal, and
{...} is the quantum averaging operation.

Using the Heisenberg presentation for spin operators, we find that

8570t = iwo(S — FEW) (%)
dW/at = —ewpF Im(Z5™) )

where W = (0,)/n, & = £ + B;8°¢/8z.
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2. Full reflection of a strain pulse
Let us consider the case when

w0ty > 1 (10)

where 7;, is characteristic temporal duration of a strain pulse.

Inequality (10) indicates the slow change of pulse parameters compared with spin
precession in a magnetic field. It is clear that the pulse interacts weakly with the spin system
and in this sense it propagates in the quasitransparency regime in non-linear medium, Then
from (8) it is easy to understand that inequality (10} is equivalent to the condition

FHEPr « 1. an

Having, for instance, F ~ 10 (Tucker 1966) we find that |&} < 0.1. Corresponding pressure
inside the pulse is P ~ pa?|§] < 5x10° Paat p~5gem™>, a ~ 3% 10° cm s~!. We hope
that strain pulses with pressures P ~ 10°-10'® Pa will be generalized under experimental
conditions in the near future (Akhmanov and Gusev 1992).

By analogy with the papers of Crisp (1970) and Belenov ef a/ (1991) the solution of
equation (8), written in the form

o
= —ingf Bt —t", )Wt — ¢, 2) expliwgt”) dt’ (12)
0

can be expanded in terms of small parameters p) = (worp)“ and pp = h/L
2

- i 3 1
S = F(Sw—w—OE;(SW)";'g'ét—z

(SW)+---)- (13)

Substitute (13) into (9), keeping the first two terms of the expansion. Moreover, subject to
the condition (11), we will assume that W = W, = W(t = —oc¢) in the right-hand part of
equation (9). Then upon integration we obtain

W~ Woo(l — Fe?/2). (14)
After substitution of (14) into (13), subject to (11), we find that

i g 1 8% 328). (1s)

o W, —iFYefle - —— — — — + B —
S mF(e 2 Flel"e T wga:2+’5saz2

Substitute {15) into (7). Then

3%  a® 9% , 0% 2 aln & e

n 2 /ide 1 3% 8%
- F hogWeoomee | —— + —— — 28— | . 16
p WoWeogg (wo T wh 912 ﬁsazz) (16)

Here we introduce the refractive index

N = (1 + FluhwoWeo/pa®) =12, (17)
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An acoustic video pulse is not resonant for any pair of quantum levels. Therefore, a two-
leve] approximation can be applied here provided that these levels are at a sufficient distance
from any other quantum levels: w, 3 wp and F; « F, where w; 13 the quantum transition
frequency from one of the Kramers’ doublet sublevels to one of the remote quantum levels,
F; is the spin—elastic coupling constant for the corresponding quantum transition. The very
large strains would be likely to mix states from higher levels into the Kramers doublet.
But if inequalities (10) and (11) are valid, we may keep in each expression of (15) type,
corresponding to the jth transition with account for replacements wy — w;, F — F; and
Woo — —W 32, only the first term, neglecting cther terms. Here W) ; is the initial population
probability of one of the Kramers’ doublet sublevels, Then we can take into account the
remote quantum level mixing by using the following replacement in (17): 1 — 1 —~§. Here
8 is a positive constant. If Hy = 0, then wy = 0 and w; # 0. Therefore, this constant is
very slightly dependent on the external magnetic field value. In the case of thermodynamic
equilibrium

Wee = — tanh(frewo/2kpT) (18)

where kp is the Boltzmann constant and T is the absolute medium temperature,
Then if

§ = (Fnhwy/Mnoa®) tanh(hap/2ksT) > 1 — 8 (19)

where M and np are the mass of a crystal lattice loop and concentration of molecules
forming a crystal lattice respectively (mass and concentration of MgQ), the acoustic wave
cannot propagate in a paramagnetic crystal. In this case the strain pulse must experience
full reflection on the surface of the paramagnetic crystal.

The constant of spin-elastic coupling for Co** in MgO may attain values F ~ 107
(Tucker 1966). Considering also that M ~ 1072 g, no/n ~ 10, 2 ~ 1¢° cm 57},
hwo/ksT > 1 and § « 1, we find that condition (19) is fulfilled when wy > 10" 577,
Such Zeeman splitting frequencies are usually used in electron paramagnetic resonance (EPR)
spectroscopy.

3. Acoustic soliton

In further discussion we will investigate the case when NV takes only real values. The latter
is true if ¢ < 1. In the paper of Sazonov and Yakupova (1992) this condition may serve as
the condition under which a bound state of two strain components of a steady-state video
pulse can be formed.

The right-hand part of {16) is proportional to positive degrees of the small parameters
w1 and pa. So we can reduce this equation deflating the derivative order (Belenov et al
1991):

de  N2—1 ,8% a JNZ—IN 8
% . °f t e (saN+F 2
3t 2w’ agz+2( TN )ac(lsl )

Na Ni—1/ a? 9%
e G e

N2w} 83

Here £ =z —at/N.



Picosecond acoustic pulses in a paramagnet 6299

The second and fourth terms in (20) describe different dispersion effects, whereas the
third term deals with non-linearity. The relationship between the fourth and second terms
can be estimated as:

max{woTp, (worp)"wghz/az}.

Let wo ~ 10" 57!, A ~ 1078 ecm, @ ~ 3 x 10° em s™!, 7, ~ 100 ps. Then wet, ~ 10,
(wotp) ™ (woh /a)? ~ 1076, Consequently, the fourth term on the left-hand side of equation
{20) can be neglecied. In this case we have the ‘derivative non-linear Schridinger equation’
(DNLS):

de , N:-—1 232 N*—1\ 9
e o o
RPN TR 2(3AN+ oV )ag(lsl &) =0 @)

which is integrated by the inverse scattering transform method (Kaup and Newell 1978).
Here the dispersion mechanism caused by non-local temporal relationship between
the strain ficld and spins substantially affects the pulse dynamics. The spatial dispersion
mechanisms induced by discrete crystal structure are not essential here.
To seck the one-soliton solution of equation (21) we will write ¢ in the form:

& = ¥ exp(iy) (22)

where ¥ and ¢ are real.
Substituting (22) into {21) and separating the real part from the imaginary one, we
obtain

N -1, 0Ydp P\ 3 2N— L

PEASL VLAY Y f SV 7 =0 23
B Dagh? (ac a;+"!’a;2)+z S v 23)
and

d¢ N?*-—1 zazw N2—1, [3p\* 3ANa .d¢ _,N*—1 3¢
R . Z) + =y =+ F =0
Vot T2t 5 Tt P\ ) YTV g w ac
24
We will see the solution to equations (23) and (24) in the form
e=g( +ct) 0 =wt+ P +ct) ¢ = const. (25)

This solution corresponds to pulses propagating along the z axis at a speed of
v = g/N — ¢ and rotating in the transverse plane. In this case equation {23) possesses
the motion integral:

2 N?
5w2+N Nza 242’ 4+ 3Na (3A+F2

—1 4
=4A 2
o )%ff (26)

IN?

where the prime designates the derivative with respect to £ --¢t = z—wvt. Since at t — Foc,
g—+0,then A =0
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Expressing ¢ in terms of ¥ from (26) and substituting the corresponding expression
into (24), subject to (25), we will find that

2 2 2 2 2 _
v = 20N (m ¢ CUON])‘/I—(Z%NC (91+F2N I)w3

(N2 = a2 T 242 NZT = NT— 1243 4N
2
-3 (gcrfvo;*—ffii [6AN? 4 FYN? — m) a 27)

The solution in terms of a solitary phase has the following form:

_ 14 {1+ (kD)=2)/2 12
v =" (1 + [1 4 (kI}~"1Y2 cosh[2(z — vt)/l]) (28)
@ = wt — k(z — vt} — 6tan™{g tanh{(z — v1)/ 1]} 29
where
2 2N =1 1 172
T,b'o = = ( )a — ) (30)
I \wokNI6AN? + FA(N2 — )] 1 +[1 4 (k)~2)'/2
_
v=%(l—NN lwiua) (31
_N -1 o, ] LT -
B ZwoNza (k + I_Z) 7= [1+ (kD212 417 (32)

Salution (28) and (29) depends on two free parameters. For instance, I and k can be
chosen as such. If X/ >» 1, we have the envelope soliton. In this limit solution (28)—(32)
formally coincides with the one-soliton solution of the ‘non-linear Schrddinger equation’
(NLS). In the case when kI ~ 1 we have from (28)~(32) a video soliton, i.e. a soliton that
contains nearly a single period of acoustic oscillations.

The analysis of (28) and (29) shows that for inequality (I0) and (11) to be valid the
following conditions must be fulfilled: w/wy < 1.

The strain teasor components &,; and &,, corresponding to the pulse of the form of (22),
(28)~(32) are shown in figure 1 for a fixed moment of time. At other moments of time
the components €y, and &y, change their configurations in an accompanying framework due
to the rotation of the polarization plane. However, the scale length of strain localization
defined by the parameter ! remains unchangeable.

As follows from physical considerations a pulse of the form of (28) and (29) can be
stable only at v < a/N. However, formally solution (28) and (29) assumes the case v > a/n
at 6AN? 4 F2(N?* — 1) < 0 (see (30) and (31)). From (30) it follows that to overcome
the velocity barrier v = g /N, an infinitely large density of strain energy is needed, which
contradicts the initial assumption made in tnequality (I11). Thus, the pulse (28) and (29)
can be formed at

6INZ + FEHNZ - 1) > 0. (33)

If Wo, > 0 (2 non-equilibrium case), then N2 < |. In the absence of lattice
anharmonicity the formation of pulses of the form of (28) and (29) turns out to be impossible.
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\/ 0 \1/ (z = uvt)/l
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Figure 1. Instantanecus prefile of the circularly polarized soliton components governed by
equation 21, M2 =2, A =10 F=10,a =3 x 105 cms™!, oy = 10" 57!, k = 105 em™!,
I=3x107% em.

However, a 'rigid’ anharmeonicity (A > 0} makes this formation possible when fulfilling
condition (33). At this we have that ¥ < 0 and w < 0, In the case of ‘soft’ anharmonicity
(A < 0) and in the absence of paramagnetic centres the formation of a strain scliton is
mmpossible as well. However, the presence of these centres favours the soliton formation
in an equilibrium case (N2 > 1). Thus, the availability of two different non-linearity
mechanisms can lead to the formation of solitary circularly polarized pulses, when in the
absence of one of the mechanisms such formation proves to be impossible.

4. Continuous parametric frequency increase

Consider the generation of high frequencies of a high-power acoustic pulse as a result of
its interaction with a paramagnetic crystal. Let the pulse be so strong that the following
condition is valid:

FREP > 1, lwg'de /ot (34)

‘We consider also that the influence of the remote quantum levels on the quantum
transition between Kramers’ doublet sublevels is still slight.

At F ~ 10? this condition is met for pulses with the relative strain |¢| > 0.03. Only
very pure paramagnetic crystals without any impurities and dislocations are able to bear
such relative strains. The inequality F2|Z|* levg '8¢ /8t|* indicates the slowness of the
pulse polarization plane rotation compared with quantum spin transitions.

Introduce new variables f and L:

= fexplip) S = iL exp(ip). (35)
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Then the set of equations (8) and (9) takes the form

3L/3t = i{wg — Bp/81)L — FW (36)

dW/at =Re(fL*). (37}

If (34) is fulfilled the first term of the right-hand part of (36) can be ignored. Then the
functions f aznd L are real and we have solutions of system (36) and (37) in the form

W = WyecoosfL = Wy singd (38)

where
t
2 =coof Fuhyde,
o

Consequently,
s = iW explip) sind. (39

Solutions (38) and (39) describe the nutation effect in a super-strong field: slow spin
rotation in an equatorial plane at a frequency of w = 3 /3¢ is imposed on fast spin rotation
in a meridional plane of the Bloch sphere (5|2 + W? = W2) at a frequency of @ = wyFf.
In a specific case when w, f = const at the outlet of a paramagnetic crystal, we have two
maodes with frequencies:

w12 =a)0FfiCr)~9N]”2 (40)

where [ is the pulse intensity. Since inequalities (34) are fulfilled then wy 2 3 .

Having @ =~ wp, F ~ 102, f ~ |e} ~ (.1, we obtain a 10-fold incrcase in acoustic
signal frequency. Further increase in relative strain with the aim of increasing the frequency
transformation coefficient may lead to crystal destruction. Note that one can continuously
control the frequency values w; and wp at the outlet of a circularly polarized signal by
changing the inlet signal intensity. In the cage of linearly polarized pulses at the outlet of
a paramagnetic crystal, a discrete harmonic series of the initial frequency w is generated
{Sazonov 1993a). Here at the growth of pulse intensity applied on a sample the energy is
transferred to higher harmonics 2w, 3w, .... Similar calculations for the case of linearly
polarized and circularly polarized optical pulses interacting with a two-level non-rescnant
medium are given by Belenov et af (1991) and by Sazonov (1993b) respectively,

The effectiveness of the process of frequency parametric increase can be estimated upon
calculating its cross section ¢. According to the definition we have

o =J oW/t
where J is the density of phonon flux of an initial signal. It is obvious that J ~ au/hw,

where ¥ = 0.504%|g|? is the energy density of a strain field. At £ = const after time
averaging and using (18) we find that

Fm)ng w Ry
~ — tanh ) 4
o o an (ZkBT (41)
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It us understandable that the process under consideration may be sufficiently effective at
T < hwo/2kg. Substituting here wp ~ 10'% s™!, we find that T < 0.1 K. These temperatures
are important moreover to avoid a strong attenuation of a coherent signal at the expense
of its scattering on hot non-coherent phonons of a erystal. At F ~ 10%, p =~ 5 g cm™,
a~3x10° cms7!, w/Q ~ 0.1 we have that & ~ 1072 cm?. If the concentration of
paramagnetic atoms in a crystal is # ~ 10% cm™, then for an average distance of a free
run of pulse phonon [ we obtain [ ~ (on)~' ~ 10! cm. Obviously if A > I, where A
is the thickness of a crystal in the direction of initial signal propagation, then practically
all the initial signal is subject to the frequency transformation. For the numerical instance
under consideration, a crystal with A = 1 cm will suffice. Note that the increase in ratio
§/w ~ w2/w leads to cross section decrease. Consequently, a crystal of greater thickness
should be used.
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